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SUMS AND PRODUCTS OF QUADRATIC RESIDUES AND
RELATED IDENTITIES
HAI-LIANG WU AND LI-YUAN WANG
Abstract. In this paper we study some sums and products of qua-
dratic residues modulo odd primes, which involve quartic Gauss sums,
Stickelberger’s congruence and values of Dirichlet L-series at negative
integers.
1. Introduction
The study of quadratic residues modulo odd primes is one of the most
classical topics in number theory, and it has deep relations with other areas
in number such as Gauss sums and permutations over finite fields. For
example, Gauss in 1811 determined the explicit value of quadratic Gauss
sums. Nowadays, Gauss sums have many applications in number theory and
in the study of finite fields. As another application of quadratic residues,
Sun [11] investigated many permutations over finite fields involving squares
in finite fields and in the same year he [10] studied some determinants
concerning the Legendre symbols.
Let p be an odd prime. Motivated by the above interesting applications,
we concentrate on the sums and products of quadratic residues modulo
p in the interval (0, p/2) in this paper, and we will see below that these
results involve quartic Gauss sums, Stickelberger’s congruence and values
of Dirichlet L-series at negative integers. Throughout this paper, we set
R := {x ∈ Z :
(
x
p
)
= 1} and N := {x ∈ Z :
(
x
p
)
= −1}.
As our first result, we consider the sums of quadratic residues modulo p in
the interval (0, p/2). For convenience, we set
Ap :=
∑
0<x<p/2,x∈R
x.
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When Re s > 1 we set
L((·/p), s) =
∑
n>0
(
n
p
)
n−s
be the Dirichlet L-series attached to the Legendre symbol ( ·
p
). It is well
known that L((·/p), s) can be can be analytically continued to the whole
complex plane. In the remaining part of this paper, we assume that L((·/p), s)
is defined in the whole complex plane.
Theorem 1.1. Let p > 3 be a prime. Then we have the following results:
(i) Suppose p ≡ 3 (mod 4). Then
Ap =
{
(p2 − 1)/16 if p ≡ 7 (mod 8),
(p2 − 1 + 8ph(−p))/16 if p ≡ 3 (mod 8),
where h(−p) is the class number of Q(√−p).
(ii) Suppose p ≡ 1 (mod 4). Then
Ap =
{
(p2 − 1 + 12 · L((·/p),−1))/16 if p ≡ 1 (mod 8),
(p2 − 1 + 20 · L((·/p),−1))/16 if p ≡ 5 (mod 8).
Remark 1.1. Here the authors would like to thank Prof. H. Cohen for his
helpful comment on the (ii) of the following Theorem.
As we obtain the explicit value of Ap, we can deduce the following result.
Corollary 1.1. Let p ≡ 1 (mod 4) be a prime. Then we have∑
0<x<p/2,x∈R
x2 = pAp − p(p
2 − 1)
24
− p
2
L((·/p),−1).
When p ≡ 1 (mod 4) is a prime, it is known that the value of Dirichlet
L-series attached to ( ·
p
) at −1 has a beautiful formula (cf. [7, Corollary
10.3.3])
L((·/p),−1) = −1
2p
∑
0<x<p
(
x
p
)
x2.
As the second application of Theorem 1.1, we have the following result
concerning the value of
∑
0<x<p(
x
p
)x2 in the case p ≡ 3 (mod 4).
Corollary 1.2. Let p > 3 with p ≡ 3 (mod 4) be a prime. Then we have∑
0<x<p
(
x
p
)
x2 = −p2h(−p) < 0.
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Let p ≡ 1 (mod 4) be a prime. Our next goal is to determine the product∏
0<x<p/2,x∈R
x (mod p).
To achieve this, let ζp = e
2pii/p. We first observe that for each cyclotomic unit
(1−ζkp )/(1−ζp) with p ∤ k, one has (1−ζkp )/(1−ζp) ≡ k (mod (1−ζp)Z[ζp]).
Hence we have∏
0<x<p/2,x∈R
x ≡
∏
0<x<p/2,x∈R
1− ζxp
1− ζp (mod (1− ζp)Z[ζp]).
In view of the above, our first step is to determine the product
Dp :=
∏
0<x<p/2,x∈R
(1− ζxp ).
However, instead of computing Dp, we turn to the product
Wp :=
∏
0<x<p/2,x∈R
(1− ζ2xp ).
Noting that ∏
0<x<p/2,x∈R
x ≡ Wp
(1− ζ2p )(p−1)/4
(mod (1− ζp)Z[ζp]),
the explicit value of Wp is also useful for our purpose.
When p ≡ 1 (mod 4) is a prime, by the class number formula of Q(√p) we
can easily compute the explicit value of the product
∏
0<x<p,x∈R(1−ζxp ) (cf.
[11, Theorem 1.3]). We let εp =
up+vp
√
p
2
> 1 (up, vp ∈ Z) and h(p) be the
fundamental unit and the class number of Q(
√
p) respectively. We also let
i be the 4-th primitive root of unity with Arg(i) ≡ pi/2 (mod 2piZ) (where
Arg(z) denotes the argument of a complex number z). Then we have the
following result.
Theorem 1.2. Let p ≡ 1 (mod 4) be a prime. Then we have
∏
0<x< p
2
,x∈R
(1− ζ2xp ) =


(−1)⌊ p8 ⌋ζ
p2−1+12L((·/p),−1)
16
p p1/4ε
−h(p)/2
p if 8 | p− 1,
(−1)1+⌊ p8 ⌋ζ
p2−1+20L((·/p),−1)
16
p i · p1/4εh(p)/2p if 8 | p− 5,
where ⌊·⌋ is the floor function and p1/4, ε1/2p > 0.
Remark 1.2. In the case p ≡ 3 (mod 4), by class number formulae we can
easily get the explicit value of
∏
0<x<p,x∈R(1 − ζ2xp ) (cf. [4, 11]). However,
we can not get the explicit value of
∏
0<x<p/2,x∈R(1− ζ2xp ).
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As an application of Theorem 1.2, we have the following result.
Corollary 1.3. Let p ≡ 1 (mod 4) be a prime. Then we have∏
0<x<p/2,x∈R
sin
2pix
p
= 2−(p−1)/4p1/4ε
−( 2
p
)h(p)/2
p .
Now we consider the product
∏
0<x<p/2,x∈R x (mod p). We first consider
the case p ≡ 5 (mod 8). Before the statement of the next Theorem, we first
introduce the rational 4-th power residue symbol. Let p ≡ 1 (mod 4) be a
prime. For any integer a we set
(
a
p
)
4
=


0 if p | a,
1 if a is a 4-th power residue modulo p,
−1 otherwise.
Theorem 1.3. Let p ≡ 5 (mod 8) be a prime. Then we have∏
0<x<p/2,x∈R
x ≡ (−1)1+#{0<x<p/2: (xp )4=1} (mod p),
where #S denotes the cardinality of a set S.
We now consider the case p ≡ 1 (mod 8). This case is related to quartic
Gauss sums and Stickelberger’s congruence. Here we give a brief review
of this. Let p ≡ 1 (mod 8) be a prime, and let ζp−1 = e2pii/(p−1). Let
K = Q(ζp−1, ζp), and let oK be the ring of algebraic integers of K. Let p
be a prime ideal of oK lying above the prime ideal (1 − ζp)Z[ζp] of Z[ζp].
Clearly we have oK/p ∼= Z/pZ = Fp, where Fp denotes the finite field with
p elements. It is known that the map up: ζ
k
p 7→ ζkp (mod p) is a bijection
from {ζkp−1 : k = 0, 1, · · · , p − 2} onto (oK/p)× ∼= (Z/pZ)× = F×p , where
R× denotes the group of invertible elements of the ring R. We now let
ωp = u
−1
p be the mulplicative character of Fp. Clearly ωp generates the
character group χ(Fp). We let χpi = ω
−(p−1)/4
p be the character of order 4.
We consider the Jacobi sum J(χpi, χpi). By [6, Proposition 3.6.4] we have
J(χpi, χpi) ≡ −
p−1
2
!
(p−1
4
!)2
(mod p). (1.1)
Moreover, it is known that (cf. [1, Theorem 3.9])
J(χpi, χpi) = a+ 4bi (1.2)
with a ≡ −1 (mod 4) and p = a2 + 16b2. Now we consider the Gauss sum
G(χpi). In 1977, Loxton [8] posed the following conjecture concerning the
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explicit value of G(χpi) (in a slightly different form).
G(χpi) = Cp
( | b |
| a |
)
(−1)bp1/4J(χpi, χpi)1/2, (1.3)
where ( ·|a|) is the Jacobi symbol, p
1/4, Re J(χpi, χpi)
1/2 > 0 and Cp is defined
by
Cp = ±1 and Cp ≡ 4 | b |
a
(
p− 1
2
)
! (mod p). (1.4)
Later Matthews [9] confirmed Loxton’s elegant conjecture. Hence almost
175 years after Gauss’s determination of quadratic Gauss sums, there has
been found a elegant formula for quartic Gauss sum. Readers may refer to
[2] for history and details on Gauss sums.
Now we consider the number field L = K(ε
1/2
p , J(χpi, χpi)
1/2), and let oL
be the ring of algebraic integers of L. Let B be a prime ideal of oL lying
above p. By [10, Corollary 1.1] if we write ε
h(p)
p = ap + bp
√
p with 2ap, 2bp
integers, then we have
ap ≡ −
(
p− 1
2
!
)
(mod p). (1.5)
For more results on the congruences involving fundamental units, readers
may refer to [5, 12]. Combining Eq. (1.1), we have
ε
h(p)
p
(((p− 1)/4)!)2 · J(χpi, χpi) ≡ 1 (mod p).
We therefore define βp by
βp = 0, 1, and (−1)βp ≡ ε
h(p)/2
p
((p− 1)/4)! · J(χpi, χpi)1/2 (mod B), (1.6)
where ε
1/2
p and Re J(χpi, χpi)
1/2 > 0. Now we are in the position to state
our next result.
Theorem 1.4. Let p ≡ 1 (mod 8) be a prime. If we write p = a2 + 16b2
with a, b ∈ Z. Then we have
∏
0<x<p/2,x∈R
x ≡ Cp(−1)1+βp+⌊
p
8
⌋
( | b |
| a |
)(
p− 1
2
)
! (mod p),
where Cp = ±1 is defined by Eq. (1.4) and ( ·|a|) is the Jacobi symbol.
6 HAI-LIANG WU AND LI-YUAN WANG
2. Proofs
We first introduce some notations in this section. For all odd primes p,
as in the Section 1 we set
Ap :=
∑
0<x< p
2
,x∈R
x and Bp :=
∑
0<y< p
2
,y∈N
y. (2.1)
We now in the position to prove Theorem 1.1. Recall that L((·/p), s) is the
Dirichlet L-series attached to the Legendre symbol ( ·
p
).
Proof of Theorem 1.1.
(i) Suppose that p > 3 with p ≡ 3 (mod 4) is a prime. By the class
number formula of Q(
√−p) (cf. [3, pp. 344–347]) we have
h(−p) = −1
p
∑
0<x<p
(
x
p
)
x =
1
2− (−1)(p+1)/4
∑
0<x<p/2
(
x
p
)
. (2.2)
From Eq. (2.2) we obtain
−ph(−p) =
∑
0<x<p/2
((
x
p
)
x+
(
p− x
p
)
(p− x)
)
=
∑
0<x<p/2
((
x
p
)
(2x− p)
)
=2(Ap − Bp)− (2− (−1)(p+1)/4)ph(−p).
Hence we have
Ap −Bp =
{
0 if p ≡ 7 (mod 8),
ph(−p) if p ≡ 3 (mod 8).
As Ap +Bp = (p
2 − 1)/8, we easily get the desired result.
(ii) Suppose now p ≡ 1 (mod 4). It is know that (cf. [7, Corollary 10.3.3])
L((·/p),−1) = −1
2p
∑
0<x<p
(
x
p
)
x2. (2.3)
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We first consider the case p ≡ 1 (mod 8). By Eq. (2.3) we can easily verify
the following equalities:
3L((·/p),−1)) = 1
2p
∑
0<x<p
(
x
p
)
x2 − 1
2p
∑
0<x<p
(
2x
p
)
(2x)2
=
1
2p
∑
0<x<p/2
(
p− 2x
p
)
(p− 2x)2 − 1
2p
∑
p/2<x<p
(
2x
p
)
(2x)2
=
1
2p
∑
0<x<p/2
(
x
p
)
(4px− 3p2) = 2(Ap −Bp).
Hence Ap − Bp = 32L((·/p),−1)). As Ap + Bp = (p2 − 1)/8, one can easily
get the desired result. We now consider the case p ≡ 5 (mod 8). One can
verify the following equalities:
5L((·/p),−1) = 1
2p
∑
0<x<p
(
2x
p
)
(2x)2 − 1
2p
∑
0<x<p
(
x
p
)
x2
=
1
2p
∑
p/2<x<p
(
2x
p
)
(2x)2 − 1
2p
∑
0<x<p/2
(
p− 2x
p
)
(p− 2x)2
=
1
2p
∑
0<x<p/2
(
x
p
)
((p− 2x)2 − (2p− 2x)2)
=
1
2p
∑
0<x<p/2
(
x
p
)
(4px− 3p2) = 2(Ap −Bp).
Hence Ap − Bp = 52L((·/p),−1). From this one can easily get the desired
result. 
Proof of Corollary 1.1.
Let p ≡ 1 (mod 4) be a prime. One can verify the following equalities:
−2pL((·/p),−1) +
∑
0<x<p
x2 =
∑
0<x<p/2,x∈R
(x2 + (p− x)2)
Hence we have
−2pL((·/p),−1) + (p− 1)p(2p− 1)
6
=
p2(p− 1)
2
+
∑
0<x<p/2,x∈R
4(x2 − px).
From this we can easily get the desired result. 
Proof of Corollary 1.2.
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Let p > 3 with p ≡ 3 (mod 4) be a prime. One can verify the following
equalities:∑
0<x<p
(
x
p
)
x2 = 2p
∑
0<x<p/2
(
x
p
)
x− p2
∑
0<x<p/2
(
x
p
)
= 2p
∑
0<x<p/2
(
1 +
(
x
p
))
x− 2p
∑
0<x<p/2
x− p2
∑
0<x<p/2
(
x
p
)
= 4pAp − p(p
2 − 1)
4
− p2(2− (−1)(p+1)/4)h(−p).
By the explicit value of Ap in the case p ≡ 3 (mod 4), we can get the desired
result. 
Now we are in the position to prove Theorem 1.2.
Proof of Theorem 1.2.
In this proof, we still set
Wp :=
∏
0<x< p
2
,x∈R
(1− ζ2xp ).
We first compute the absolute value of Wp. By definition we have
Wp ·Wp =
(p−1)/2∏
k=1
(1− ζ2k2p ) =
√
p · ε−(
2
p
)h(p)
p . (2.4)
The last equality is a known result (cf. [11, Theorem 1.3]). Now we de-
termine the argument Arg(Wp) of the complex number Wp. We have the
following equalities:
Wp =
∏
0<x< p
2
,x∈R
−ζxp (ζxp − ζ−xp ) = (−1)
p−1
4 · ζApp
∏
0<x< p
2
,x∈R
2i sin
2pix
p
, (2.5)
where Ap is defined in Eq. (2.1). From this we obtain
Arg(Wp) ≡
{
⌊p/8⌋pi + 2piAp/p (mod 2piZ) if p ≡ 1 (mod 8),
−pi/2 + ⌊p/8⌋pi + 2piAp/p (mod 2piZ) if p ≡ 5 (mod 8),
where ⌊·⌋ is the floor function. By Theorem 1.1 we have
Wp =


(−1)⌊ p8 ⌋ζ
p2−1+12L((·/p),−1)
16
p p1/4ε
−h(p)/2
p if p ≡ 1 (mod 8),
(−1)1+⌊ p8 ⌋ζ
p2−1+20L((·/p),−1)
16
p i · p1/4εh(p)/2p if p ≡ 5 (mod 8).
This completes the proof of Theorem 1.2 and the Eq. (2.5) implies Corollary
1.3. 
Proof of Theorem 1.3.
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Let p ≡ 5 (mod 8) be a prime. Clearly we have
−1 ·
∏
0<x<p/2,x∈R
x2 ≡
∏
0<x<p/2,x∈R
x(p− x) ≡
∏
0<x<p,x∈R
x ≡ −1 (mod p).
Hence
∏
0<x<p/2,x∈R x ≡ ±1 (mod p). If we set
r = #{0 < x < p/2 :
(
x
p
)
4
= 1},
then we have ∏
0<x<p/2,x∈R
(
x
p
)
4
=
(∏
0<x<p/2,x∈R x
p
)
4
= (−1) p−14 −r.
Noting that −1 is a 4-th non-residue modulo p, we therefore have∏
0<x<p/2,x∈R
x ≡ (−1) p−14 −r = (−1)r+1 (mod p).
This completes the proof. 
We also need the following result which is known as Stickelberger’s con-
gruence (cf. [6, Theorem 3.6.6]).
Lemma 2.1. Let notations be as in the Section 1, and let p ≡ 1 (mod 8)
be a prime. Then for all 0 ≤ r ≤ p− 2 we have
G(ω−rp )
(1− ζp)r ≡
−1
r!
(mod p),
where G(ω−rp ) is the Gauss sum associated to the character ω
−r
p .
Proof of Theorem 1.4.
By Lemma 2.1 we have
G(χpi)
(1− ζp)(p−1)/4 ≡
−1
((p− 1)/4)! (mod B).
By Eq. (1.3) we obtain
Cp(
|b|
|a|)(−1)bp1/4J(χpi, χpi)1/2
(1− ζp)(p−1)/4 ≡
−1
((p− 1)/4)! (mod B).
If we write p = a2 + 16b2 with a, b ∈ Z, then it is known that 2 is a 4-th
residue modulo p if and only if 2 | b. Hence we have
p1/4
(1− ζp)(p−1)/4 ≡
−Cp( |b||a|)(2p)4
((p− 1)/4)! · J(χpi, χpi)1/2 (mod B).
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Combining Theorem 1.2, we obtain
∏
0<x<p/2,x∈R
x ≡
(−1)1+⌊ p8 ⌋ε−h(p)/2p Cp( |b||a|)
((p− 1)/4)! · J(χpi, χpi)1/2 (mod B).
By Eq. (1.5), we have ε
h(p)
p ≡ −(p−12 !) (mod B). From this, we finally
obtain that
∏
0<x<p/2,x∈R
x ≡
(−1)1+⌊ p8 ⌋εh(p)/2p Cp( |b||a|)
((p− 1)/4)! · J(χpi, χpi)1/2 ·
(
p− 1
2
)
!
≡ Cp(−1)1+βp+⌊
p
8
⌋
( | b |
| a |
)(
p− 1
2
)
! (mod B).
This implies our desired result. 
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